Abstract. Let X be a sequence space and denote by Z(X) the subset of X formed by sequences having only a finite number of zero coordinates. We study algebraic properties of Z(X) and show ( In addition to this, we also give a thorough analysis of the existing algebraic structures within the set X \ Z(X) and its algebraic genericity.
Introduction and Preliminaries

During a Non-linear Analysis Seminar
.
Is there an infinite dimensional closed subspace of ℓ ∞ every nonzero element of which has only a finite number of zero coordinates?
Using modern terminology (originally coined by V. Gurariy himself), a subset M of a topological vector space X is called lineable (resp. spaceable) in X if there exists an infinite dimensional linear space (resp. an infinite dimensional closed linear space) Y ⊂ M ∪ {0} (see [1, 8, 12, 15] ). V. Gurariy also coined the notion of algebrability (introduced in [2] ) meaning that, given a Banach algebra A and a subset B ⊂ A, it is said that B is algebrable if there exists a subalgebra C of A so that C ⊂ B ∪ {0} and the cardinality of any system of generators of C is infinite. The links between the previous concepts are as follows (all the implications in the previous diagram are strict, see e.g., [8] ).
Throughout this paper, and if X denotes a sequence space, we shall denote by Z(X) the subset of X formed by sequences having only a finite number of zero coordinates. Therefore, the above question can be stated in terms of lineability and spaceability:
Is Z(ℓ ∞ ) spaceable in ℓ ∞ ?
Lately, these concepts of lineability and spaceability have proven to be quite fruitful and have attracted the interest of many mathematicians, among whom we have R. Aron, L. Bernal-González, P. Enflo, G. Godefroy, V. Fonf, V. Gurariy, V. Kadets, or E. Teixeira (see, e.g. [3-5, 8-10, 12, 19] ). Question 1.1 has also appeared in several recent works (see, e.g., [8, 12, 13, 18] ) and, for the last decade, there have been several attempts to partially answer it, although nothing conclusive in relation to the original problem has been obtained so far.
This paper is arranged as follows. Section 2 shall focus on the algebrability (and, thus, lineability) of the set Z(X) for X ∈ {c 0 , ℓ p }, p ∈ [1, ∞]. Sections 3 and 4 will show that spaceability of Z(X) is actually not possible for any of the previous Banach spaces whereas, in Section 5, we shall show that V \ Z(V ) is, actually, spaceable (and algebrable) for every infinite dimensional closed subspace (subalgebra) V of X (for X ∈ {c 0 , ℓ p }, p ∈ [1, ∞]).
There are not many examples of (nontrivial) sets that are lineable and not spaceable. One of the first ones in this direction was due to B. Levine and D. Milman (1940, [17] ) who showed that the subset of C[0, 1] of all functions of bounded variation is not spaceable (it is obviously lineable, since it is a linear space itself). A more recent one was due to V. Gurariy (1966, [14] ), who showed that the set of everywhere differentiable functions on [0, 1] (which is also an infinite dimensional linear space) is not spaceable in
Here, we shall provide (among other results) the definitive answer to Question 1.1. Namely, if X stands for c 0 , or ℓ p , with p ∈ [1, ∞], we prove the following:
i.−) Z(X) is maximal algebrable and maximal lineable ( [7] ), that is, Z(X) ∪ {0} contains an algebra with a system of generators of cardinality dim(X) and a linear subspace of dimension dim(X) (Proposition 2.1). ii.−) Z(X) is not spaceable, that is, every closed subspace of Z(X) ∪ {0} must have finite dimension (Corollaries 3.4 and 4.8). iii.−) V \ Z(V ) is maximal spaceable for every infinite dimensional closed subspace V of X (Theorem 5.1). iv.−) V \Z(V ) is maximal algebrable for any infinitely generated closed subalgebra V of ℓ p (Theorem 5.3). In order to obtain the above results we shall make use of Functional Analysis techniques, Basic Sequences, Complemented Subspaces, and some classical Linear Algebra and Real Analysis approaches. From now on, if Y is any sequence space and y ∈ Y , then y(j) shall denote the j−th coordinate of y with respect to the canonical basis (e j ) j . Also, if (m k ) k∈N is a subsequence of (n k ) k∈N , we shall write If W ⊂ V , we denote S 1 (W ) = {w ∈ W, |w| = 1}. The rest of the notation shall be rather usual.
Z(X) is maximal lineable for
The following proposition would provide a positive answer to Question 1.1, provided we remove the hypothesis of being closed in ℓ ∞ .
Proof. For every real number p ∈ ]0, 1[ denote
. . ,
Next, take any x ∈ V \ {0}. We shall show that x ∈ Z(X) . We can write x as Dividing the last identity by p m k N , we obtain (for every k ∈ N),
. By induction, we can easily obtain λ j = 0 for every j ∈ {1, 2, . . . , N}. This is a contradiction, since x = 0. This argument also shows that V is c-dimensional (where c stands for the continuum) and, thus, Z(X) is maximal lineable for
Notice that the coordinatewise product of x p and x q is x pq ∈ {x r , r ∈ ]0, 1[ }. Therefore the algebra generated by {x r , r ∈ ]0, 1[ } is the subspace generated by {x r , r ∈ ]0, 1[ } which is V .
Consider any countable subset of W ⊂ V . The subalgebra generated by W is a vector space generated by finite products of elements of W , but finite product of elements from a countable set still is countable. Therefore the subalgebra generated by W has countable dimension, therefore W cannot be a set of generators for the algebra V , since dim(V ) is uncountable. Therefore any set of generators of V is uncountable.
The following result is a straightforward consequence of Proposition 2.1.
It this direction, we would like to recall that similar properties to the one considered here have also been studied within the framework of function spaces. For instance, let X be any infinite dimensional closed subspace of C[0, 1] and consider Y to be the subset of functions in X having infinitely many zeros in [0, 1]. P. Enflo, V. Gurariy, and the second named author recently showed in [12] that Y is spaceable in X. In the next two sections we shall see that this is not the case for Z(ℓ p ), p ∈ [1, ∞], and Z(c 0 ).
We need a series of technical lemmas in order to achieve the main result of this section. We believe that these lemmas are of independent interest.
there is an increasing sequence of natural numbers (s k ) k∈N and a normalized basic sequence
which is absurd. Therefore exist s t+1 > N t such that
The induction to construct (f k ) k∈N enjoying the four above properties is now complete. Now, in order to show that (f k ) k∈N is a basic sequence, let us define
Note also that f k is a block basis of the canonical basis of ℓ p .
Since
for k ∈ N. In particular,
has basis constant K = 1. Let {σ k , k ∈ N} be the following partition of N: 
. .] is complemented in ℓ p with a projection P : ℓ p → ℓ p of norm 1 and
, we obtain 8Kδ||P || = 8δ ≤ 8
Finally, let us compute an upper bound for the basis constant of (f k ) k∈N and for the norm of the projection Q :
First, the linear transformation T (
∞ k=1 a k f k is an invertible continuous linear transformation from the closed span of (g k ) k∈N to the closed span of (f k ) k∈N .
In [11, Theorem 4.5] it is proved that ||T || ≤ (1 + 2Kδ) ≤ (1 + 8δ) ≤ 2 and
Then, the basis constant of (f k ) k∈N is smaller than 
is invertible and having norm smaller than 8Kδ||P || = 8δ < 1.
Therefore, there exists an inverse for
There exist an increasing sequence of natural numbers (s k ) k∈N and a basic sequence
Proof. Let 0 < ǫ <
Let (s k ) k∈N and (f k ) k∈N be as in lemma 3.1, using this ǫ.
Notice that
Supposed we have already defined l 0,k , . . . , l t,k such that
The induction to construct (l t,k ) ∞ t=0 for each k ∈ N is completed. Next, let t > m and notice that
(2) Since for t > j and j = k, we have l t,k (s j ) = 0 then Proof. Consider any l k from Lemma 3.2. Notice that any l k ∈ V \ Z(V ).
. We can start the proof of lemma 3.1 using this f 1 . Consider the proof of lemma 3.2. For a sufficiently small ǫ (independent of |f | p ), we found a
Z(X)
is not spaceable for X = c 0 or ℓ ∞ This section shall provide the definitive answer to Question 1.1 by showing that Z(ℓ ∞ ) is not spaceable. In other words, ℓ ∞ does not contain infinite dimensional Banach subspaces every nonzero element of which has only a finite number of zero coordinates. In order to achieve this we shall need to obtain a sequence (l s k ) k∈N similar to that from Lemma 3.2 (see Lemma 4.6). Despite losing the hypothesis of the closed span of (l s k ) k∈N being complemented, we gain the property l s k (s k ) = 1, obtaining still a basic sequence. 
Lemma 4.3. Let V be an infinite dimensional closed subspace of ℓ ∞ . There exists an increasing sequence of natural numbers (n k ) k∈N and a basic sequence (f n k ) k∈N ⊂ V with:
Proof. This proof is a variation of Mazur's lemma ([11, Proposition 4.1]).
Let ǫ 1 = 1 and ǫ i ∈ ]0, 1[ such that
Let n 1 = min{s ∈ N, V s = ∅} and let f 1 ∈ V n 1 . Define
Notice that
f n 1 (n 1 ) = 1 and 1 ≤ |f
Consider the projection π n 1 :
f n 2 (n 2 ) = 1, f n 2 (n 1 ) = 0, and 1 ≤ |f
Consider now the compact set S 1 ( f n 1 , f n 2 ) and let {y 1 , . . . ,
Since codim(ker φ i ), codim(ker πn 2 ), and codim(W 1 ) are finite in V then codim(W 2 ) is finite and dim(W 2 ) = ∞. By lemma 4.2 exist s ∈ N such that V s ∩ W 2 = ∅.
Let
Now, let y ∈ S 1 ( f n 1 , f n 2 ). Notice that
Thus, for every y ∈ S 1 ( f n 1 , f n 2 ) and any λ ∈ C we have
for every a 1 , a 2 , a 3 in C. We can repeat the procedure to build f n 4 , f n 5 , . . . satisfying
for every a 1 , . . . , a m ∈ C and m ≥ k and by Banach's criterion (f n k ) k∈N ⊂ V is a basic sequence. Note that (f n k ) k∈N satisfies the hypothesis. 
Removing, if necessary, the first two terms in the sequence (m 
Proof. First of all, let us define
We now have the following possibilities.
(
Next, if h 1 (m 1 ) = 1, define t 1 = m 1 and, if h 1 (m 1 ) = 1, then h 1 (m 2 ) = 1 and we let t 1 = m 2 . In any case, note that lim 
Finally, notice that (t s )
Notice that (f m k ) k∈N is a basic sequence as subsequence of the basic sequence (f n k ) k∈N . Notice also that h k is a linear combination of f m 
Proof. Consider (t k ) k∈N ⊂ (m k ) k∈N and (h t k ) k∈N ⊂ V as in Lemma 4.5. Let K be the basic constant of the basic sequence (h t k ) k∈N and let 0 < ǫ < 1 2K
. (Recall that K is always equal or bigger than 1, therefore ǫ < 1 ). Let s 1 = t 1 . Suppose defined, by induction, {s 1 , . . . , s n } ⊂ {t 1 , t 2 , . . .}. Since lim j→∞ |h s 1 (t j )| + . . . + |h sn (t j )| = 0, exist s n+1 ∈ {t 1 , t 2 , . . .}, s n+1 > s n , such that
Since h s k (s k ) = 1 then |h s k | ∞ ≥ 1 and we have
Now the normalized sequence
as a block basis of the basic sequence (h t k ) k∈N is also a basic sequence with basic constant
By the principle of small pertubation [11, Theorem 4.5] the sequence
is a basic sequence equivalent to the normalized basic sequence
, therefore is also a basic sequence. Finally
From the previous lemma, we can now infer the following. Proof. Consider l s k from Lemma 4.6. We have that l s k ∈ V \ Z(V ).
As a consequence of Lemma 4.6 we also have the following result, whose proof is simple.
By Lemma 4.6, exist (
Notice that |f (s 1 )l
. . converge absolutely and coordinatewise to some g ∈ V . Notice that for every
and |g − f | ∞ ≤ ǫ.
Algebrability and maximal spaceability of
In this section we prove that, although Z(ℓ p ) is not spaceable in ℓ p , for every p ∈ [1, ∞], we have that V \Z(V ) is maximal spaceable for every infinite dimensional closed subspace V of ℓ p , for p ∈ [1, ∞]. The spaceability, for the case p ∈ [1, ∞[, shall be obtained in a strong sense, meaning that the Banach space constructed inside V \ Z(V ) shall be complemented in ℓ p . Also, V \ Z(V ) is maximal algebrable provided V is any infinite dimensional closed subalgebra of ℓ p , p ∈ [1, ∞]. Proof. By Lemmas 3.2 and 4.6, there is an increasing sequence of natural numbers (s k ) k∈N and a sequence (l s k ) k∈N ⊂ V such that a) l s k (s k ) = 0, b) l s k (s j ) = 0, for j = k. Let W = l s 2 , l s 4 , l s 6 , . . . and notice that every f ∈ W satisfies f (s 2k−1 ) = 0 for every k ∈ N. Since convergence in norm implies coordinatewise convergence in ℓ p , p ∈ [1, ∞] then for every f ∈ W , we obtain f (s 2k−1 ) = 0 for every k ∈ N.
Notice that {l 2k ∈ W , k ∈ N} is a linear independent set then W is a infinite dimensional closed subspace of V with W ⊂ V \ Z(V ) ∪ {0}. Proof. By Lemmas 3.2 and 4.6, there is an increasing sequence of natural numbers (s k ) k∈N and l s k ∈ V such that a) l s k (s k ) = 0, b) l s k (s j ) = 0, for j = k. Consider the following closed subalgebra of V : V (0, (s 2k−1 ) k∈N ) = {f ∈ V, such that f (s 2k−1 ) = 0, k ∈ N} ⊂ V \ Z(V ) ∪ {0}. Now V (0, (s 2k−1 ) k∈N ) is an infinite dimensional subspace of V since {l s 2k , k ∈ N} is a linear independent subset. Since any infinite dimensional closed algebra has at least c generators then V \ Z(V ) is algebrable. 
